
CHAPTER 0

Noteon growth and growth accounting

1. Growth and thegrowth rate

In this section aspects of the mathematical concept of the rate of growth used in growth models
and in theempirical analysis of growth areset out.

Notation used in growth theory. Use is often made of the so-called dot notation �� , to refer to
the rate of change of key variables. “� dot” is the rate of change of output and is closely related to
the familiar concept of the change in output between period � and period � � �, ���� � ��, which is
often abbreviated as�� . �� stands for the continuous time equivalent of �� and is defined as the
timederivativeof � , that is�����. To summarize:

�� � ���� � �� (Rateof change, discrete time)

�� � ������ (Rateof change, continuous time)

Does it matter whether we work in continuous time or discrete time? Generally speaking in growth
theory it is easier and requires less cumbersome notation to derive the results in continuous time.1

The (proportional) rateof growth isdefined in discrete timeas

�� �
���� � ��
��

�
��

�
(Growth rate, discrete time)

and in continuous timeas

�� �
��

�
�
�����

�
� (Growth rate, continuous time)

In each case, thegrowth rate, e.g. 0.02, ismultiplied by ��� to produceapercentagegrowth rate.

Calculating growth rates. As this chapter is about economic growth it is crucial to understand
the concept of a growth rate and how to measure it using data. The simplest notion of a growth rate
is thepercentagechange in GDPbetween periods (quartersor years) as defined above. For example
US GDP in the year 2000 was ��� 	�
 bill. and it was��� ��
 bill. in the year 1999 (both measured
in 1995 prices). Hence the US economy grew by 4.2% between 1999 and 2000.

Once we move beyond growth rates over very short periods, it is necessary to calculate the so-
called compound growth rate. Economistsinterested in growth often focuson averageannual growth
rates over lengthy periods of time. We takean exampleand compare threemethods.

� First, we calculate the average growth rate in Chinese GDP per capita between 1988 and
1998 using a ‘ long average’ method: ���� � �������

���
� � ��� � 
���� p.a..

� Second, we calculate the annual growth rate each year of the decade and take the average:
theanswer is��
� p.a..

� Third, we calculate the annual compound growth rate using a formula: AGR (annual per-
centagegrowth rate) = ������� � ������������� �� � ��� � ���� p.a.. Note that it is the
�� function on the calculator that must be used since this is the natural logarithm function�
although weuse ��� in the text, this always refers to thenatural logarithm.

1From a mathematical point of view we could prove all our results in discrete time as well, and the equations we
havederived in continuous timewould hold asapproximations to thediscrete time results.
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2 0. NOTE ON GROWTH AND GROWTH ACCOUNTING

The ‘ long average’ method is incorrect: it overstates the growth rate because it neglects the fact
that the base for growth is continuously rising.2 The average of the annual growth rates will be
a reasonable approximation to the compound growth rate for low growth rates but loses accuracy
as the growth rate rises. The comparison between the average of the annual growth rates and the
compound growth rate is exactly the same as between simple interest (compounded annually) and
compound interest (compounded continuously). The AGR is the equivalent of the APR for interest
rates (the annual percentage rate of interest reported on credit card bills, for example). We need to
explain some more concepts before we return to show where the formula for the annual compound
growth rate (AGR) comes from.

1.1. Growth rates, exponential and log functions. To see that the growth of GDP in discrete
time, �� � isthesameasthegrowth ratein continuoustime, �� , when thetimeperiod isshort enough,
let usstart from theproportional growth of GDPbetween two periods in timegiven by, � and ����,
where�� is small. When we make this interval smaller and smaller, we say that we are taking the
limit as�� tends to zero:

���
����

�� � ���
����

�
����� � ��

��
�
�

��

�
(1.1)

�
��

��

�

�
�
��

�
� ��� (1.2)

We express the proportional growth expression per unit of time and then the rules of calculus tell
us that if we make this period of time very small the first term in the brackets is nothing other than
the definition of the derivative of output with respect to time, �� . �� is known as the instantaneous
growth rate. Thus when we quote �� � ����, this means that the growth rate of GDP during the
period of interest is 2%.

It is very useful to see that thegrowth ratecan beexpressed in several equivalent ways:

�� �
��

�
�
�����

�
�
� ��� �

��
(Equivalent expressions, growth rate)

In order to see that the last equality holds we can use the chain rule of calculus and the fact that the
derivativeof the log of avariable, � , is �

�
, i.e. � ��	 �

��
� �

�
:

� ��� �

��
�
� ��� �

��

��

��
�
�����

�
� (1.3)

Wenow explorefurther what economistsmean when they say that “output growsexponentially” .
Let usstart with thepreviousexamplewhere for someeconomy �� � ����. In thiscase, if weknow
the level of output initially, ��, and the growth rate, then the level of output at time � comes from
the equation �� � �� ����� � ��, where ��� is the exponential function and the growth rate �� is
assumed to beconstant. How do weknow that thisequation describestheevolution of output for our
economy that growsat rate�� � ����? It iseasier to seethis if wedo theproof in ‘ reverse’ . That is,
let us start from theequation:

�� � �� ����� � �� (1.4)

where�� stands for the initial value of output. Taking logs of both the left and the right side of this
weobtain:

��� �� � ��� �� � �� � � (1.5)

If wenow takederivativeswith respect to timeof this expression weobtain

2To see why the first method is incorrect, apply the 7.16% annual growth rate to the base year GDP per capita of
$1816 and then for each subsequent year. Theresult isalevel of GDPp.c. in 1998 far higher than that recorded ($3117).
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FIGURE 1. Simulation of exponential growth on anormal and logarithmic scale.

� ��� ��
��

�
� ��� ��
��

� �� (1.6)

� �� � (1.7)

The initial valueof output isof coursefixed at all futurevaluesand hence � ��	 ��
��

� �. Thuswehave
shown that �� � � ��� ����, asexpected.

An understanding of therelationship between exponential growth and logs isvery useful for any
analysis of growth.3 As theplots in the left hand panel of Fig.1 show, oncewe have the initial value
for GDP and the growth rate, we can read off the level of output at any subsequent date. Growth
paths for GDP are shown for a 2%, 5% and 10% growth rate. We also note that the equation for
��� �� is linear, with the slope of the line equal to the growth rate. The growth paths for GDP are
shown in the right hand panel using the log scale: thegrowth paths are straight lines.

A second reason for understanding the relationship between logs and growth rates is that this
relationship lies behind some very useful rules for handling growth rates. The following rules are
used frequently:

(1) if � � 	� then ��� � � 
 ���	. This is useful because it allows us to go from levels to
growth rates. For example, if webegin with thewidely used production function, theCobb
Douglas,

� � ������ (Cobb Douglas production function)

where
  �� and first take logs:

��� � � 
 ���� � �� 
� ����

then differentiatewith respect to timeand use the fact that � ��	 �
��

�

�
�

weget:

� ��� �

��
� 


� ����

��
� �� 
�

� ����

��
��

�
� 


��

�
� �� 
�

��

�
�

Wecan seefrom this that thegrowth rateof output isaweighted averageof thegrowth rates
of capital and labour inputs.

3For aconciseand insightful discussionof theexponential and logarithmic functions, seeChapter 9 inM. Pemberton
and N. Rau Mathematics for Economists. Manchester University Press, 2001.
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(2) the growth rate of the ratio of two variables is equal to the difference between the two
growth rates: ��

�

� �� � �� . This rule is used often. For example, it says that the growth

rateof output per worker (�
�

) isequal to thegrowth rateof output (

�
�

) minusthegrowth rate

of workers(

�
�

). To show this, thesametechniqueisused asfor (1): ����
�
� � ���	���� �

and
� ��	��

�
�

��
� � ��	�

��
�

� ��	 �
��
� hence��

�

� �� � �� .
(3) the growth rate of the product of two variables is equal to the sum of their growth rates:

��� � �� � �� . This follows thesame logic as for 2.

1.2. Useful definitions for growth theory. In growth models in continuous time, the concept
of the growth rate is �� �


�
�
� � ��	 �

��
, which we can express also using �� � �� ����� � �� and

equivalently as ��� �� � ��� �� � �� � �. As noted above, the growth rate �� is the instantaneous
growth rate. This may becalculated from dataas follows:

��� �� � ��� �� � �� � �

�� � � � ��� �� � ��� ��

�� �
�

�
��� �� � ��� ��� �

where � is the number of years, �� is the base year level of output and �� the final year level. �� is
multiplied by 100 to get the percentage growth rate. This is often referred to as the ‘ log difference’
method of calculating thegrowth rate. When referring to thegrowth of output, economists typically
mean the annual growth rate (the discrete time concept), rather than the instantaneous growth rate
(the continuous time concept). Similarly, when discussing interest rates, it is the annual percentage
rate (APR) rather than the instantaneous rate that is typically calculated. The annual percentage
growth rate(or annual compound growth rateas it issometimescalled) is ��� �� � �� expressed as
apercentage and this is the formula for calculating thecompound growth rateprovided above:

��� � ��� �� � �� � ���

�

�
���

�
�

�
��� �� � ��� ���

�
� �

�
� ����

The relationship between the different concepts of the growth rate is clarified by noting that when
weconsider growth for oneyear, the familiar proportional rateof growth is� (multiplied by 100):

�� � ��� ���

� �
�� � ��
��

�
��

�

Extending to many periods, wehave

�� � ��� ���
�

���
��
��

� � ���� ���

���

�
�

�
��� �� � ��� ���

�
� � ��

� � ���

�
�

�
��� �� � ��� ���

�
� �

� ��� �	 � ��

This illustrates that the ��� is the multi-period analogue to the one-period proportional growth
rate.
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1.3. Summary.
� When using datato measureeconomic growth, theaverageof theannual percentagegrowth

ratesisacloseapproximation to thetrueannual (compound) percentagegrowth rate(���)
when the growth rate is low (less than 5% p.a.). In the earlier example of Chinese growth,
the average of the annual percentage growth rates is ����� p.a.� and the ��� is �����
p.a..

� Taking thedifferencebetween thenatural logarithmsof output at thestart of theperiod and
theend of theperiod and dividing by thelength of theperiod givestheinstantaneousgrowth
rate, �� . When multiplied by 100, this is the percentage growth rate in continuous time.
To get the���, we use the fact that ��� � ��� �� � �� � ���. This is the percentage
growth rate in discrete time. When referring to data, economistsnormally usediscrete time
concepts and therefore refer to the���� however growth theory is normally expressed in
continuous time, with reference to �� . When growth rates are low, these are close to each
other. In the example of Chinese growth, the��� � ����� p.a. and �	 � ��� � �����
p.a..

� Growth theory makes heavy use of the following equivalent expressions for the (instan-
taneous) growth rate: �� �


�
�
� ��
��

�
� � ��	 �

��
� �� � �� ����� � �� and ��� �� �

��� �� � �� � �.
� Frequent use is made of the procedure of ‘ taking logs and differentiating’ to go from ex-

pressions in levels to growth rates, and of the rules��
�

� �� � �� and ��� � �� � �� .

2. Growth accounting

The idea of growth account is to account for the contribution to the growth of output made
by the growth of factor inputs (capital and labour) and to associate any growth unaccounted for to
‘ technological progress’ . Solow referred to this residual as total factor productivity growth. Total
factor productivity growth captures the impact of intangible aspects of human progress that allow
both labour and capital to increase their productivity. Thinking of theperiod 1990 to 2000, what has
madetheUSeconomy moreproductiveand has increased welfarewasnot simply the fact that firms
have invested and bought computers, but rather that the information revolution has allowed new
machines based on computer technology to be more productive and workers who use computers to
bemoreefficient.

Solow’s method of calculating total factor productivity growth is known as (Solow) growth ac-
counting. To seehow thisworkswecan start from aproduction function defined in termsof capital,
labour and an index of the level of technological progressgiven by �, which isa function of time:

� � � ���� ��� (2.1)
Let usnow takelogsof theproduction function and differentiatewith respect to timeto obtain (using
thechain ruleasshown in theprevioussection):

�� � �� �� � �� ��� �� ��� (2.2)

where�� is � �������
�

, �� is � �������
�

and �� is � �������
�

. Applying exactly the same technique as
used above in deriving theexpression for thegrowth rateof output, we obtain:

�� �
���

�
�� �

���

�
�� �

���

�
��� (2.3)

The growth of output is equal to a function of the growth rates of capital, labour and the technol-
ogy factor. It is possible to simplify this if we make further assumptions about the market envi-
ronment. This will enable it to be used to get an estimate of the final term, which is called total
factor productivity growth, from data. We assume that labour and capital are traded in competi-
tive markets and are paid their respective marginal products. This means that the marginal product
of labour, ������ �� � �, where � is the real wage, and that the marginal product of capital,
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1948-2001 1948-1973 1974-1995 1996-2001
Total GDP Growth 2.5 3.3 1.5 2.5

- due to capital 0.9 0.9 0.7 1.2
- due to labour 0.2 0.2 0.2 0.4
Solow residual 1.3 2.1 0.6 0.9

TABLE 1. Solow Growth Accounting for the United States, 1948-2001. Source: BLS

������ �� � �, where� is the rental cost of capital in the economy. Additionally, we define the
Solow residual by �� � ���

�
��. We can now rewrite theexpression aboveas:

�� �
��

�
�� �

��

�
�� � ��� (2.4)

Since�� � ����� correspondsto theshareof total incomespent by theeconomy on paymentsto
capital it isoften called thecapital or profit share. Similarly, �� � ����� correspondsto theshare
of total income spent by the economy on payments to labour and is called the labour share. Hence,
we have a compact expression for the Solow residual, which is also called total factor productivity
growth as

��� growth� �� � �� � ���� � �����
(Total factor productivity (TFP) growth: the Solow Residual)

The Solow residual is the difference between output growth and a weighted sum of factor growths
with weights given by the factor shares, i.e. it is the growth that is not attributed to the growth
of either labour or capital inputs. If we accept the market assumptions we have used to derive the
formulaabovewenow havean expression that can beused to estimatetheSolow residual (i.e. ���
growth) from macroeconomic data. When the production function is constant returns to scale, the
sum of the labour and capital shares is one and we can simplify equation (Total factor productivity
(TFP) growth: theSolow Residual) to

��� growth� �� � �� � ���� � �� ������

In empirical analysis, it is often illuminating to work in per capita terms and we can rearrange this
equation as follows:

��� growth � �� � ���� ���� � ����

� �	 � �����

where � � ��� and � � ���. We can also turn the equation around and decompose the growth of
productivity into the contribution from the growth of capital intensity and the contribution of TFP
growth:

�	 � ���� � ��� growth.
Growth accounting exercises may also seek to separately identify the contribution to the growth of
output per worker from improvements in labour quality, e.g. asmeasured by increased averageyears
of education. This will lead to a further component in theaboveequation:

�	 � ���� � �� ���� � ��� growth,

where � is the growth rate of the quality of labour inputs (per worker). This is weighted by labour’s
share in output, �� ��.

2.1. Example. InTable1wepresent ananalysisof growthaccountingasreportedby theBureau
of Labor Statistics in theUnited States. It is interesting to note that according to growth accounting,
theso-called New Economy phaseof USgrowth in the late1990s isassociated with ahigher contri-
bution from factor input growth, especially capital, and faster TFP growth. TFP growth in the late
1990s is, however, not as fast as in the1950sand 1960s.


